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Introduction 

Specialization is a classical method in algebraic geometry. The first ideal-theoretic 
approach to specialization was introduced by W. Krull in [Krl], [Kr2]. Given a family 
u = (ui, . . . , u m ) of indeterminates and a family a = (a±, . . . , a m ) of elements of 
an extension of a base field k, Krull defined the specialization I a of an ideal / of a 
polynomial ring R = k(u)[x] with respect to the substitution u — > a as follows: 

I a = {f(a,x)\ f{u,x) e lnk[u,x}}. 

This is obviously an ideal of the polynomial ring R a = k(a)[x\. For almost all 
substitutions u — > ct, the ideal I a inherits most of the basic properties of /. 

The notion of specialization of an ideal played an important role in the study 
of normal varieties by A.Seidenberg [S] who proved that almost all hyperplane sec- 
tions of a normal variety are normal again under certain conditions, see also W.E. 
Kuan [Kul], [Ku2] for local versions of this result. Following these works, the second 
author studied the preservation of properties from the quotient ring R/I to R a /I a 
[T]. It turned out that specializations of ideals behave well in regard to irreducibil- 
ity, regularity, normality, Cohen-Macaulayness, and Buchsbaumness. However, cer- 
tain ring-theoretic properties which are characterized by homological means such as 
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Gorensteiness or generalized Cohen-Macaulayness could not be investigated. The 
reason is that there is no appropriate theory for the specialization of modules which 
appear in the homological characterizations. 

Generalizing the case of ideals, Seidenberg [S] already gave a definition for the 
specialization of submodules of a free R-module of finite rank. This naturally leads 
to a definition for the specialization of quotient modules of free -R-modules of finite 
ranks and therefore for the specialization of arbitrary finitely generated -R-modules. 
But such a definition only makes sense if it does not depend on the presentation of 
the given module (up to isomorphisms). For instance, for a submodule of a finite 
-R-module of finite rank, one would have two specializations depending on the pre- 
sentations of the given module as a submodule and as a quotient module of a free 
module. It is not clear whether these two specializations are isomorphic, and, even 
when they are isomorphic to each other, the isomorphism should be canonical. 

The aim of this paper is to give a definition for the specialization of an arbitrary 
finitely generated -R-module which, up to canonical isomorphisms, does not depend 
on the presentation of the given module, and which preserves basic properties and 
operations on modules. 

First, we observe that the specializations of free -R-modules of finite ranks and 
of homomorphisms between them can be defined in a natural way. Then, given an 
arbitrary finitely generated -R-module L with a finite presentation F\ — ► F — > 
L — >■ 0, where _F , F\ are free modules of finite ranks, we define the specialization 
L a of L to be the cokernel of the map (F\) a — ► (F ) Q . 

This definition is not as explicit as Seidenberg's definition. However, it has the 
advantage that all encountered problems concerning the uniqueness of L a (up to iso- 
morphisms) and compatibility with basic operations on modules can be brought back 
to problems on specializations of free modules and homomorphisms between them 
which can be studied by the existing theory of specializations of ideals. The unique- 
ness of L a can be deduced from the preservation of the exactness of finite complexes 
of free modules at specializations which, by the criterion of Buchsbaum and Eisenbud 
[B-E] , can be proved by considering the ranks and the depths of determinantal ideals 
of the given complex. This preservation can be extended to any exact sequence of 
finitely generated modules. Using this fact we are able to prove that specializations 
preserve basic operations on modules including the Tor and Ext functors. 

For later applications one should also develop a theory for specializations of finitely 
generated modules over a local ring Rp, where P is an arbitrary prime ideal of R. 
But this is more subtle since the specialization P a of P need not to be a prime ideal 



in fc(ai)[a;] (see e.g. [T]). We hope that the results of this paper would help us to 
settle this problem in the near future. 

This paper is divided into four sections. 

In Section 1 we define the specialization of free modules of finite rank and of 
homomorphisms between them. The main result is the preservation of finite exact 
complexes of free modules of finite rank (Theorem 1.5). 

In Section 2 we introduce the specialization of arbitrary finitely generated R- 
modules and of homomorphisms between them. The specialization of ideals as well 
as Seidenberg's specialization of submodules of free modules of finite ranks can be 
considered as special cases of our definition. We will prove that specializations of 
modules preserve the exactness of an exact sequence (Theorem 2.4). 

In Section 3 we study the preservation of basic operations on modules at special- 
izations. As applications we show that for almost all a, dimL a = dimL (Theorem 
3.4) and that primary decomposition specializes if k is an algebraically closed field 
(Proposition 3.5). 

In Section 4 we will prove that 

Tor? (L,M) a Tor?" (L a ,M a ), % > 0, 
Ext^(L,M) Q Ext^ (L a ,M a ), i > 0, 

for almost all a (Theorem 4.2 and Theorem 4.3). As a consequence, the grade of an 
ideal on a module remains unchanged at specializations (Corollary 4.4). 

Throughout this paper we assume that k is an arbitrary infinite field. We denote 
by R the polynomial ring k(u) [x] := k(ui, . . . , u m ) [xi, . . . , x n ], where u±, . . . , u m are 
indeterminates. For each a = («i, . . . , a m ) G K m , where K is an extension field of 
k, we put R a = k(a)[x] := k(ai, . . . , a m )[xi, . . . , x n ]. We shall say that a property 
holds for almost all a if it holds for all a except perhaps those lying on a proper 
algebraic subvariety of K m . For other notations we refer the reader to [B-H] or [E]. 

1. Specialization of free modules 

The specialization of a free -R-module and of a homomorphism between free R- 
modules can be defined in the following natural way. 

Definition. Let F be a free -R-module of finite rank. The specialization F a of F is 
a free irL-module of the same rank. 



Let 4> : F — ► G be a homomorphism of free .R-modules. Let {/$} and {gj} be 
bases of F and G, respectively. Write 

s 

i=l 

Then we can represent by the matrix A = (ay(tt, x)). 
Every element a(tt, x) e R can be written in the form 

a(fx, x) = ^- , p(u, x) G fc[it, x], q(u) e k[u]\ {0}. 

For any a such that q(a) ^ we define 

p(a,x) 
afo:, xj = — 

9(a) 

Set A a = (a,ij(a,x)). Then A Q is well-defined for almost all a. 

Definition. Let 4> '■ F — *■ G be a homomorphism of free i?-modules of finite ranks 
represented by a matrix A. The specialization <p a : F a — >■ G a of <fi is given by the 
matrix A a provided that A a is well-defined. 

Remark. This definition requires two fixed bases of F a and G a . 

If we choose different bases for F and G, then <p is given by a different matrix. 
However, the above definition of 4> a does not depend on the choice of the bases of F, 
G in the following sense. 

Lemma 1.1. Let (j) a : F a — > G a be defined as above. Let B be the matrix of with 
respect to other bases of F,G. Then there are bases of F a ,G a such that B a is the 
matrix of 4> a with respect to these bases for almost all a. 

Proof. There are transformation matrices C and D such that B = D~ 1 AC. Since the 
determinants of C and D are invertible, the determinants of C a and D a are invertible 
for almost all a. Then we may consider C a and D a as transformations matrices of 
F a and G Q , respectively, which map the given bases of F a and G a to new bases of 
F a and G a . Clearly, B a = D~ x A a C a . Hence B a is the matrix of </> Q with respect to 
the new bases of F a and G a . □ 

Lemma 1.2. Let <f>,ip : F — ► G and 5 : G — ► H be homomorphisms of free 
R-modules of finite ranks. Then, for almost all a, 



(5<f>) a = 5 a (p a . 



Proof. Let A, B, C be the matrices of <fi, if), 6 with respect to fixed bases of F, G, H. 
For almost all a we have 

(A + B) a = A a +B a , 
(AC) a = A a C a . 

Hence the conclusion is immediate. □ 



Lemma 1.3. Let 4>,ip be the homomorphisms of free R-modules of finite ranks. 
Then, for almost all a, 

(0©V)a = 0a ©^a, 

(0©v)a = (f) a © Va- 

Proof. Let 0, ip be represented by the matrices A, B, respectively. Then the matrices 
of (f> © and 4> © ifj are A © £?, and A <g> £?, respectively. It is clear that 



(A©S) Q = A a © B, 
(A®B) a = A a ®B a 

for almost all a. □ 

Let F. : — > Fi Fg_i — > ■ ■ ■ — > Fx F be a finite complex of free 
-R-modules finite ranks. By Lemma 1.2, 

(P.)a = — > (F £ ) a (Fg-i) a — > ► (F0 a (F ) Q 

is a complex of free _R a -modules for almost all a. To study the preservation of the 
exactness of finite complexes of modules at specializations we shall need the following 
notations. 

Let (j) : F — > G be a homomorphism of free -R-modules of finite ranks and let A 
be the matrix of w.r.t. fixed bases of F, G. Denote by It(<j>) the ideal generated 
by the t x t minors of A. Put rank(/> := max{t| It(<j>) ^ 0} and put 7(0) := Id(4>) if 
d = rank 0. Then F. is exact if and only if 

rankFi = rank^ + rank^+i, 
depth I(<f>i) > i 

for i = 1, . . . ,£, (see [B-E, Corollary 1] or [E, Theorem 20.9]). Therefore, we need to 
study rank(/> Q and depth I{(j) a ). 



Lemma 1.4. Let : F — > G be a homomorphism of free R-modules of finite ranks. 
Then, for almost all a, 

(i) rank0 Q = rank0, 

(ii) depth 7(0 Q ) = depth 7(0). 

Proof, (i) Put d = rank0, d a = rank0 a . Then d a < d. By the definition of rank(0), 
there is a d x d minor D ^ of A. For almost all a, D a ^ 0. Hence d a > d. From 
this it follows that d a = d. 

(ii) Since R and R a are Cohen-Macaulay rings, 

depth 7(0) = ht 7(0) 
depth 7(0 Q ) = ht7(0 Q ). 

By [T, Lemma 1.1], ht7(0) = ht7(0) Q for almost all a. Let f\(u,x), . . . , f s (u,x) be 
the dx (I minors of A. Then 7(0) = (/i(tt, x), . . . ,f s (u,x)). By [Krl, §1, Satz 1], 
I{4>)a = (fi( a , x )i ■ ■ ■ ) fs(d, x)) for almost all a. Since fi(a, x), . . . , f s (a, x) are the 
(I x (I minors of the matrix A a , we also have 7(0 a ) = (/i(a, x), . . . , / s (a, x). Thus, 

7(0) Q = 7(0 Q ) 

for almost all a. Hence depth 7(0 a ) = depth 7(0) for almost all a. □ 

Theorem 1.5. Let F. be a finite exact complex of free R-modules of finite ranks. 
Then (F.) a is an exact complex of free R a -modules of finite ranks for almost all a. 

Proof. By Lemma 1.4, we have 

rank(Fi) a = rank(0 l ) a + rank(0 i+i ) a , 
depth 7((0i) a ) = depth 7(0;) > z, 

i = 1, ...,£, for almost all a. Hence (F.) Q is an exact complex of free i? a -modules 
for almost all a. □ 

Corollary 1.6. Let F — ^ G — >• 77 be an exact sequence of free R-modules of finite 
ranks. Then F a — ^> G a — ^ H a is an exact sequence for almost all a. 

Proof. Since the base ring R is regular, we may extend the above exact sequence to 
a finite exact complex of free i?-modules [E, Corollary 19.8], [B-H, Corollary 2.2.14]: 

F. : — >■ Ft 7)_! — > , F ^ F JUG^UH. 

By Theorem 1.5, (F.) a is an exact complex of free ^-modules for almost all a. 
Hence F a G a 77 a is exact for almost all a. □ 



2. Specialization of arbitrary modules 



In this section we shall introduce the concept of a specialization of an arbitrary 
finitely generated -R-module. Let L be an arbitrary finitely generated -R-module. 

Definition. Let F\ — — > Fq — >■ L — ► be a finite free presentation of L. Let 
(p a : (-Pi)a — > (-fo)a be a specialization of <fi (as defined in Section 1). We call 
L a := Coker(/> a a specialization of L (with respect to 0). 

If F is a free -R-module, then — > E — > E — > is a finite free presentation of 
E. Hence E a as defined in Section 1 is a specialization of E. 

Remark. The above definition of specialization covers Seidenberg's definition for the 
specialization of submodules of free modules. Let L be a submodule of a free R- 
module E = R s . For every element l(u, x) = (fi(u,x),... ,f s (u,x)) G k[u, x] s 
set l(a,x) := (fi(a, x), . . . ,f s (a,x)). Seidenberg [S, Appendix] defined the special- 
ization of L as the submodule L* of E a = R s a generated by the elements l(a, x), 
l(u,x) G L fl k[u, x] s . Clearly, this definition extends the specialization of an ideal 
(see Introduction). Let h(u, x), . . . ,lt(u,x) G k[u, x] be a generating set of L and 
Fi — > F — >■ L — >■ a finite free presentation of L corresponding to this generating 
set. Assume that 

h(u,x) := (fn(u,x),... J is (u,x)), i = 1,... ,t. 

Then we have an exact sequence F\ — Fq E where ip is given by the ma- 
trix (fij(u,x)) . By Corollary 1.6, the sequence (F 1 ) ol ^ (F ) a ^ E a is exact 
for almost all a. Hence Im^ a is the submodule of E a generated by the elements 
h(a, x), . . . , lt(ot, x). By [S, Appendix, Theorem 1], the latter module is equal to L* 
for almost all a. Thus, 

L* = Im ip a = Coker <p a = L a 

for almost all a. 

The definition of L a clearly depends on the chosen presentations of L. If we choose 
a different finite free presentation F[ — ► Fq — > L — ► we may get a different 
specialization L' a of L. We shall see that L a and L' a are canonically isomorphic. For 
this we need to introduce the specialization of a homomorphism of finitely generated 
-R-modules. 



Let v : L — > M be a homomorphism of finitely generated .R-modules. Consider a 
commutative diagram 



-> 



vo 



G 1 



Go 



-> 



where the rows are finite free presentations of L, M. For almost all a we have the 
diagram 

(Fl)a (i r 0)a 



(«l)c 



(G 



1 a 



(vo)c 
(Go) a ■ 







where (i>o)a0a = i>a(vi) a by Lemma 1.2 and w a is the induced homomorphism which 
makes the above diagram commutative. 



Definition. The induced homomorphism v a : L c 
of v. 



M a is called a specialization 



This definition depends only on the presentations of L and M. 

Lemma 2.1. v a does not depend on the choices of vq and v\ for almost all a. 

Proof. Suppose that we are given two other maps Wi : Fj — > Gi, i = 0,1, lifting 
the same homomorphism v : L — > M. By [E, A3. 13], there exists a homomorphism 
h : Fq — > G\ such that vq — wq = tph. By Lemma 1.2, (vo) a — (wo) a = ifj a h a for 
almost all a. Hence the maps (wi) a induce the same map v a : L a 



M a . □ 



^From now on we will identify the given .R-modules L, M with fixed finite free 
presentations F\ — >■ Fq — >■ L — >■ 0, G\ — >■ Go — >■ M — >■ 0. A homomorphism v : 
L — > M will correspond to a map between these finite presentations (as complexes) 



Ft 







Vl 



v 



Gi 



Go 



M 



-> 0. 



Here we will use the same symbol v with subindex % to denote the given map from 
Fi to Gi, i = 0, 1. We shall see that there are canonical isomorphisms between the 
specializations of an .R-module with respect to different finite free presentations. 



Proposition 2.2. Let v : L — > M be an isomorphism of finitely generated It- 
modules. Then, for almost alia, the specialization v a : L a — > M a is an isomorphism 
of R a -modules. 

Proof. Put w = v~ x . There is a commutative diagram of the form 

F x ► F ► L ► 



Go 



M 



-> 



Wq 



■+ 0. 



F x ► F > L 

' I lit' composed map {wiVi\ i = 0, 1} of complexes of free R- modules gives a presenta- 
tion of the identity map id^ : L — > L. Hence it is homotopy equivalent to the map 
{idi?J i = 0,1}, by [E, A 3.14]. By Lemma 1.2, the map {(wi) a (vi) a \ i = 0,1} of 
complexes of free _R a -modules is homotopy equivalent to the map {id(^.\ | i = 0, 1}. 
Thus, they lift to the same map from L a to L a , that is v a w a = id^^ for almost all 
a. Similarly, we also have w^v^ = id^ a for almost all a. □ 

Let L a and L' a be specializations of L with respect to different finite free presen- 
tations. By Proposition 2.2, L a = L' a and the isomorphism is just the specialization 
of the identity map id^ : L — > L with respect to the two given presentations of L. 
In particular, the specialization of the identity map id^ : L — ► L with respect to a 
fixed finite free presentation of L is the identity map id^^ : L a — > L a . 

If we choose two different finite free presentations for the map v : L — >■ M we 
may get two different specializations v a : L a — > M a , v' a : L' a — > M' a of v. However, 
there are isomorphisms El and Em such that the diagram 



sm 



L' 



ML 



is commutative. In fact, El and Em are the specializations of the identity maps i&l 
and id_M- The commutativity of the diagram follows from the second statement of 
the following result. 



Lemma 2.3. Let v,w : L — ► M, z : M 

generated R-modules. Then, for almost all a, 

(i) (v + w) a = v ce + w cn 



N be homomorphisms of finitely 



(ii) (zv) a = z a v a . 



Proof, (i) From the maps between the finite free presentations of L and M corre- 
sponding to v and w we get the commutative diagram 



-+ Fn 



-> L 



■+ 



Vq+Wq 



v+w 



Go 



M 



0. 



By Lemma 1.2, (i>£ + iUi) a = (^i)a + (wj) a for almost alia, % = 0, 1. Hence (u + «;) £ 
u a + «i a for almost all a. 

(ii) Consider a commutative diagram 



-> 



Gi G 



M 



21 



20 



#i ► ► N ► 0, 



where the last rows is a finite free presentation of N. By Lemma 1.2, (ziVi) a = 
(zi) a (vi) a for almost all a, i = 0, 1. Hence (zv) a = z a v a for almost all a. □ 



We now come to the main result of this section. 



Theorem 2.4. Let — ► L — > M — ► N — > be an exact sequence of finitely 
generated R-modules. Then the sequence — ► L a — > M a — > N a — > is exact 
for almost all a. 

Proof. By [E, Corollary 19.8] or [BH, Corollary 2.2.14], given two arbitrary finite free 
presentations F± — > Fq — > L — > and H\ — > Hq — > N — > 0, we can extend 
them to finite free resolutions F. and H, of L and N. Then F. © H. is a finite free 
resolution of M. By Lemma 1.2, the following diagram is commutative for almost all 



a: 















► {Fi) a ► (-Fi-i)a ► ... ► (F ) a 

> {FiQHfia {Fi-i © Hi_i) a > ... (F ®H ) a 

> m a (ff»_i) a (fTo)a 



where the rows and columns are exact for almost all a by Theorem 1.5. Using 
induction we can easily prove that the sequence 

— > Coker (<f>i) a — > Coker (ipi) a — > Coker (8i) a — >■ 

is exact for % = I, I — 1, . . . ,1. For i = 1 we have Coker(0i) Q , = L a , Coker(5i) a = iV a , 
and Coker (i^i) a is the specialisation of M with respect to the finite free presentation 
Fi © Hi — > F © H — > M — > 0. Thus, there is a commutative diagram 

► L a > Coker(V'i)a ► N a >■ 

J I & a. || 

► L a ► M Q ► N a ► 

where M a is the specialization of M with respect to an arbitrary finite presentation 
and e a the specialization of the identity map idM : M — > M. By Proposition 2.2, 
e a is an isomorphism. By Lemma 2.3, the above diagram is commutative. Therefore, 
as the first sequence is exact, so is the second sequence. □ 

Corollary 2.5. Let v : L — > M be a homomorphism of finitely generated It- 
modules. Then, for almost all a, 

(i) Kerv a = (Kerv) a 

(ii) Imv a = (Imv) a 

(iii) Coker v a = (Coker v) a . 

Proof. By Theorem 2.4, the sequences 

— > (Kerw) Q — > L Q — > (Imv) a — > 



— ► (Imv) a — > M a — ► (Cokerw) a — ► 

are exact for almost all a. Now consider the diagram: 

— >(Kerv) a — ► L Q M a — ► (Cokerf) Q — >0 

\ / 
(1m v) a 

By Lemma 2.3 (ii), the triangle involving v a is commutative for almost all a. Hence 
the conclusions are immediate. □ 

Remark. By Corollary 2.5, if v is injective (resp. surjective) then v a is injective (resp. 
surjective) for almost all a. 

Corollary 2.6. Let L be a finitely generated R-module. Then 

proj. dimL a = proj. dimL 

for almost all a. 

Proof. If proj. dimL = 0, then L is a free -R-module. Hence L a is a free _R a -module 
by definition and proj. dim L a = 0. If proj. dimL > 0, L is not a free -R-module. 
By [B-H, Proposition 1.4.9], L» ^ R. Let L\ F — > L — > be a finite free 
presentation of L. By [S, Appendix, Theorem 3], I((f> a ) ^ R a for almost all a. Hence 
L a is not a free _R a -module. Put H = Imcj). Then proj. dim H = proj. dimL — 1. 
Using induction we may assume that proj. dim H a = proj. dim H for almost all a. By 
Theorem 2.4, the sequence — > H a — > (Lb) a — >■ L a — >■ is exact for almost all 
a. Hence 

proj. dimL a = proj. dimLf a + 1 = proj. dimLf + 1 = proj. dimL 
for almost all a. □ 

Proposition 2.7. Let F. : — > F e -^U F e _ x — ► ► F x F — > be a 

finite complex of finitely generated R-modules. Then, for almost all a, 

(P.)a : — > (F e ) a ^ (^_0 a — ► (Fx) a ( ^ (F ) a — > 

is a finite complex of R a -modules with [Hi(F,)] a = Lfi((F.) a ). 

Proof. By Corollary 2.5, since the map Im^ — ► Ker^_i is injective, the map 
(Im0j) a — ► (Ker0j_i) a and therefore the map lm(0j) a — ► Ker(0j_i) a is injective, 
too. So (F.) a is a finite complex of ^-modules. By Theorem 2.4, 

[Hi(F.)] a = (Ker^_i/Im^) Q = (Ker ^_i) a /(Im^) a . 

Using Corollary 2.5 again we obtain 

(Ker&.iWCWOa = Ker(0 i _ 1 ) a /Im(0 i ) Q = #i((F.)«)- □ 



3. Operations on specializations of modules 



So far we have defined the specialization of an .R-module, but we have not discussed 
what operations are allowed between them. In this section we will discuss some of 
the basic operations on specializations of modules. 

Lemma 3.1. Let L and M be finitely generated R-modules. There is a finite free 
presentation of L © M such that for almost all a, (L © M) Q = L a © M a . 

Proof. Let F\ F — > L — > and G\ Go — > M — > be free presentations 
of L and M. Then 

Fi © Gi ^ F © G — > L © M — > 
is a free presentation of L © M. By definition and Lemma 1.3, 

(L © M) a = Coker a © Va = Coker Q © Coker ip a = L a © M a . □ 

Let us now consider a submodule M of a finitely generated -R-module L. We 
shall see that M a may be identified with a submodule of L a . Indeed, the canonical 
map M a — ► L a is injective for almost all a by Corollary 2.5. Moreover, if we 
fix a finite free presentation of L, then different finite free presentations of M yield 
different specializations M a ,M' a with the same image in L a . This follows from the 
commutative diagram: 

\ 

/ 

ML 

where e a is the specialization of the identity map idM : M — > M with respect to 
the two different presentations of M. 

By the above observation we may consider operations on specializations of sub- 
modules of a module. 

Proposition 3.2. Let M, N be submodules of a finitely generated R-module L. For 
almost all a, there are canonical isomorphisms: 

(i) (L/M) a = L a /M a , 

(ii) (M D iV)a = M a D Nat 

(iii) (M + N) a ^M a + N a . 



Proof, (i) By Theorem 2.4 we have, for almost all a, the exact sequence 

— M a — L a — (L/M) a — 0, 

which implies that there is a canonical isomorphism (L/M) a = L a /M a . 

(ii) Consider the exact sequence 

— >MniV — > L — ► (L/M) © (L/N) — ► 0. 

By Lemma 3.1, [(L/M) © (L/N)] a = (L a /M a ) © (L a /N a ). Hence we have, for almost 
all a, the exact sequence 

► (Af l~l N) a > L a > (L a /M a ) © (L a /N a ) — 

which implies that there is a canonical isomorphism (M n N) a = M a fl iV a . 

(iii) Consider the exact sequence 

— >M®N ^ L — ► L/M + N — > 

where cp(x,y) = x + y, x G M, y <E N. Similarly as above we can deduce that there 
are canonical isomorphisms (L/M + N) a = L a /M a +N a and, therefore, (M + iV) a = 
M a + N a for almost all a. □ 

As a consequence we shall see that generators of an .R-module specializes. 

Corollary 3.3. Let L = Re\ + ■ ■ ■ + Re s be an R-module. Then, for almost all a, 
there exist elements (ei) a , • • • , (e s ) a G L a such that (Rej) a = R a (ej) a , j = 1, • • • , s, 
and L a = R a (ei) a H h R a (e s ) a . 

Proof. For each j = 1, • • • , s the canonical map R — > Rej is surjective. By Corollary 
2.5, R a — > (Rej) a is surjective for almost all a. Hence we can find (ej) a G (Rej) a C 
L a such that (Rej) a = R a (ej) a . Now, applying Proposition 3.2 (iii) we obtain 

L a = (itei) a H h (.Re s ) a = i2a(ei) a H H ^a(e s ) Q - □ 

Remark. If L = i" = (fi(u, x), • ■ ■ , / s (tt, x)) is an ideal of and ej = fj(u, x), then 
(ej)a = j = l,-- - , s. Thus, 7 Q = (/i(a, x), • • • ,f s (a,x)) as already shown 

by Krull [Krl, §1, Satz 1]. 

An important property of specializations of modules is that they preserve the 
dimension. 



Theorem 3.4. Let L be a finitely generated R-module. Then, for almost all a, 

(i) AnnL a = (AnnL) a , 

(ii) dimL a = dimL. 

Proof, (i) Let L = Rei~\ \-Re s . Then Re d - = R/Ann ej, j = 1, • • • , s. By Theorem 

2.4, we have the exact sequence 

— > (Annej) Q — > R a — > (Rej) a — ► 

for almost all a. By Corollary 3.3, there exists (ej) a G L a such that (Rej) a = 
Ra( e j)a- It follows that Ann(ej) a = (Annej) Q . Since L a = -R Q (ei) a + - — h-R a (e s ) Q , 
we have 

s s s 

AnnL a = Q Ann(ej) Q = P|(Annej) a = (Q Annej) a = (AnnL) a . 
j=i j'=i i=i 

(ii) We have htAnnL Q = ht(AnnL) Q = htAnnL by [T, Lemma 1.1]. Therefore 
dimL Q = dimL for almost all a. □ 

Proposition 3.5. Let k be an algebraically closed field. Let M be a submodule of a 

s 

finitely generated R-module L. Let M = f] Mj be a primary decomposition, where 

j=l 

Mj are primary submodules of L with associated prime ideals pj, j = 1, . . . ,s. For 

s 

almost all a, M a = f] (Mj) a is a primary decomposition, where (Mj) a are primary 

3 = 1 

submodules of L a with associated prime ideals (pj) a , J ' = 1> • • • ? s - 

s 

Proof. By Proposition 3.2 (ii), M a = f] (Mj) a for almost all a. Since k is alge- 

3 = 1 

braically closed, the residue field of R/pj is a regular extension of k(u). By [T, 
Proof of Lemma 2.1], this implies that (pj) a is a prime ideal for almost all a. Since 
Pj = v /Ann(L/M J ), 

(p 3 ) a = (^AnnCL/Mj) ) q = y / An^L/M^ = y / 'Ann(L a / (Mj) a ) 

by Theorem 3.4 (i) and Proposition 3.2 (i). Therefore, we can conclude that (Mj) a 
is a (pj)o,-primary submodule of L a for almost all a. □ 

Remark. If k is not algebraically closed, Proposition 3.5 does not hold. For example, 
if / is the prime ideal (x 2 + 1) of M.(u) [x], then I a = (x + i)(x — i) for all a such that 
R(a) = C. 



Proposition 3.6. Let L be a finitely generated R-module and I an ideal of R. For 
almost all a we have 

(0L:/)a = La :I a , 
(IL) a = I a L a . 

Proof. We first prove the statements for the case I is a principal ideal (f(u,x)). 
Consider the commutative diagram 

F 1 ► F ► L ► 



u,x 



f(u,x) 



f(u,x) 



F 1 ► F ► L > 0. 

By definition, the specialization of the map Fj — ^ Fj is the map (Fi) a — ^ (F) a . 
Hence the specialization of the map L — ^ L is the map L a — ^ L a . By Theorem 
2.4, we obtain the exact sequence 

— 

for almost all a. Thus, 



► (0 L : f(u,x)) a ► L a /(a ' x) > L a 



(0 L :f(u,x)) a ^0 La :f(a,x), 

and therefore 

[f{u, x) L\ a = [L/0 L : f(u, x)] a = L a /0 La : /(a, x) = /(a, x) L a 
for almost all a. 

Now assume that I = (fi(u, x), . . . , / s (fx, #)). Then 7 a = (fi(a, x), . . . , f s (a,x)) 
for almost all a by Corollary 3.3. Since 

s 

L :/=p|0 L a:), 
i=i 

using Proposition 3.2 (ii) we obtain 

s s 

(0l : I) a = ( f| L : fi(u,x)) a = f|(0 L : 



s 



= f|0 La :/ l (a, X ) = ia :/ o 

i=l 

for almost all a. Similarly, we have 



(IL) a = (^2fi(u,x)L) a = ^[/i(u,x)L] a 

i=l i=l 

s 



i=l 

for almost all a. □ 



4. Specialization of Tor and Ext 



First we will show that for any free -R-module E of finite rank and any finitely 
generated -R-module M, there is a canonical map (E ® R M) a — > E a ® Ra M a 
for almost all a. Note that similarly, there is a canonical map Hohir(.E, M) a — > 
Homjj Q (E a , M a ) for almost all a. 

Lemma 4.1. Let 4> : E — > F be a homomorphism of free R-modules of finite ranks 
and M a finitely generated R-module. Then, for almost all a, there are isomorphisms 



e E :{E®rM) c 
e F :(F® R M) L 



E, 



a 09 R c 



such that the following diagram is commutative: 

\E ®R M) a ► 



(F® R M) C 



SE 



E, 



a <Z>R C 



c,, <8)idj 



sf 



*<* 09R C 



Proof. Let G\ — ► Go — > M — > be a finite free presentation M. Then the 
sequence E® R Gi — > E® R G G — > E® R M — > is a finite free presentation of 
E®rM. By Lemma 1.3, we get the commutative diagram 

(EQnGJa ► (E® R G ) a > (E® R M) a > 



E a ® Ra (Gi) £ 







where the last row is induced by the exact sequence (G\) a — > (G ) a — > M a — > 0. 
The above diagram induces an isomorphism e E : (E® R M) a — > E a ® Ra M a for 
almost all a. Similarly, there is an isomorphism ep '■ (F® R M) a — > F a ® RoL M a for 
almost all a. From the commutative diagrams 



E a ® Ra (Gi) £ 

(F® R G 1 ) a 
F a ® Ra (Gi) £ 



E a ® Ra (G ) a 

(E® R G ) a 
(F® R G ) a 
F a ® Ra (G ) a 



-> E a ® Ra M a 



(e E )-\ 

(E ® R M) a 



-> 



-> 



(4>&d M ) a 

-> (F® R M) t 

sf 

-> F a ® Ra M c 



-> 



-> 



and 

E a ® Ra (Gi) a ► E a ® Ra (G ) a > E a ® Ra M a > 

(Go) a ^ F a &>R a M a ► 

we get 

e F {4> <S> id M )o i (£E)~ 1 =4> a ® idM a 

for almost all a. □ 

Theorem 4.2. Let L, M be finitely generated R-modules. Then, for almost all a, 

Tor? (L,M) a Torf«(L a ,M a ), z > 0. 

Proof. Let F. : — >■ i 7 ) — > Fg_\ — > ■ ■ ■ — > Fi — > F Q be a free resolution of L. 
By Proposition 2.7, 

Torf (L, M) Q = [#i(F. ® fl M)] Q = ^((F. ® fl M) Q ) 

for almost all a. By Theorem 1.5, 

(F.)a : — > (F £ ) a — > (F £ _!) Q — > ► (Fi) a — > (F ) Q 

is a free resolution of L a for almost all a. Therefore 

Tor?" (L Q ,M Q ) = Hi((F.) a ® Ra M a ) 

for almost all a. By Lemma 4.1, 

(F. ® fl M) Q = (F.) Q M Q 

for almost all a. Hence we can conclude that Tor? (L,M) Q ^ Tor?" (L Q ,M Q ) for 
almost all a. □ 

Theorem 4.3. Let L, M 6e finitely generated R-modules. Then, for almost all a, 

Ext R (L,M) a = Ext* fla (L a ,M a ), % > 0. 

Proof. Take a free resolution F. of L. By Proposition 2.7, 

Ext^(L, M) a = [^(Hom R (F., M))] Q iT (Hom^F., M) Q ) 



for almost all a. By Theorem 1.5, (F.) a is a free resolution of L a for almost all a. 
Therefore, 

Ex4 q (L q ,M q ) = H i (Rom R ((F.) a ,M a ). 
Similarly as in the proof of Lemma 4.1 we can prove that 

Hom H (F., M) a = Rom Ra ((F.)a, M a ) 

for almost all a. Hence Ext R (L, M) a = Ext Ra (L a , M a ) for almost all a. □ 

Let L be a finitely generated -R-module and / an ideal of R. The grade of I 
on L, denoted by grade(J, L), is the maximal length of regular L-sequences in / if 
L 7^ IL. If L = IL, grade(7, L) := oo. In particular, the grade of L is the grade of 
AnnL on R, denoted by grade L. We will show that the grade remains unchanged by 
specialization. 

Corollary 4.4. Let L be a finitely generated R-module. Then, for almost all a, 

(i) grade(7 a , L a ) = grade(7, L) 

(ii) grade L a = grade L for any ideal I of R. 

Proof, (i) Without restriction we may assume that L ^ IL. By [B-H, Theorem 1.2.5], 

grade(7,L) = min{i | Ext R (R/I,L) ^ 0}, 
grade(/ a ,L Q ) = min{z | Ext % Ra (R a /I a ,L a ) ^ 0}. 

By Theorem 4.3, we have 

min{z | Ext^ ^ 0} = min{i | Ebrt^ {R a /I a , L a ) ^ 0} 

for almost all a. Hence the conclusion is immediate, 
(ii) Using Theorem 3.4 we obtain 

grade L a = grade(AnnL a , R a ) = grade((AnnL) Q , R a ) 
= grade(AnnL, R) = grade L. □ 

Recall that a finitely generated -R-module L is perfect if grade L - 
is well-known that perfect -R-modules are Cohen-Macaulay modules. 

Proposition 4.5. Let L be a finitely generated perfect R-module. 
perfect R a -module for almost all a. 

Proof. This is a consequence of Corollary 4.4 (ii) and Corollary 2.6. 



proj. dimL. It 

Then L a is a 
□ 



Corollary 4.6. Let L be a finitely generated Cohen- Macaulay R-module. Assume 
that suppL is connected. Then L a is a Cohen- Macaulay R a -module for almost all 
a. 

Proof. By [B-V, Proposition (16.19)], the assumption implies that L is perfect. Thus, 
L a is perfect and hence Cohen-Macaulay for almost all a. □ 
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